Interpolaton

From test, aset of dataare obtained;

(X, Ys)s (X0, Y1)y (Xoy Vo) yeeereen e, (X, Y,)

(with n+1 points), construct a polynomial

of degree (n) to pass through the above points:



f
T
0

(X) =a, +a,X+a,X° +a,X° +.evrren e, +a X
ne coefficients (a,, a,, a,, .ccoeeeer eune. a ) are

ntained from the data above

(X3, Yo ) (X5 Vi) (X5, Vs ) seeeneen e, (X,,Y.)



(X1 Yo);

Y, =8, + X, +aA,X AKX F e, +a X’
(X1, ¥1)3
VY, =8, + X, + A% + 3K, F e, +a X/
(X2, Y2)3
Y, =8, +a,X, +A,X5 +aX5 Fererrernn e, +a_ X
(Xn: ¥n);
Y. =a, +aX +a,X +aX F e, +a X"



1— No. of variables (n+1) (a,, a,, a,,...c..... a.)
2 — No. of equations(n+1)
3—Solveby (Gauss— E limination), as example



Example:The following data are obtained from test:
x:01 3 4
y.:1 2 10 17
Required: 1) Construct a polynomialequation
passing through the points
1) f(x) at x=2



Solution:
f(X)=a, +a,x+a,x*+a,x’
(0,1);

1=a_ +a,(0)+a,(0)° +a,(0)°..

(L 2);
2=a +a,@)+a,(1)° +a,1)°....
(3,10);

10=a_,+a,(3)+a,(3)° +a,(3)".

(4,17);
17=a, +a,(4)+a,(4)" +a,(4)°
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a, =1,

a, +a,+a,=1

3a, +9a,+27a,=9

4a, +16a, +64a, =16
Solvethe aboveequations get;
a, =0, a,=1 and a, =0



a =0 a,=1 and a,=0
~y=f(X)=a, +ax+a,x’ +a,x’

=1+ X5

At x=2= f(X)=1+(2)° =5



Differences of Interpolatng polynomiak:

1— Newton forward Interpoltng:
Supposethat a table relatinga dependentvar iable
f (X) to an independen variable x IS givenas:

X. . X X, Xy veeeenens wnrennns X

F0) TG ) 0 f(x,)



(equal Intervals)

h h

h
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f (x+h)=Ef(x)
E =Shift operator
f(x+2h)=E*f(x)
f(x+ah)=E“f(X)
E=1+A

X — X
o =

h

f(x+ah)=E“f(x)=1+A)"f(x)




By bionomial formula:

f(X+ah)=[1+Aa+ A a(O;_l) +

A2 a(a—-1)(a - 2-) N
3




2 — Newton Backward

E=1-A

f(X+ah)=[1+Aa +

A3 a(a+1)(a+ 2.) .

Interpolting :

A2 a(a+1) N
2l

3!



Example:Giventhe following data, approximat
the functional value at (x=1.5)

x:0 1 2 3 4

y -1 0 3 8 15



Solution

B
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1-Forward: x=1.5 h=1

a=2"% . x. =0
h
a=22"9_15
1
, a(a—1)
f(x+ah)=f@.5)=[1+aA+A ) ] f(x)
f(x)=-1, Af(x)=1 and A*f(x)=2

1.5(1.5-1)

f(1.5) =[-1+1.5%1+2%* 1=0.5+0.75=1.25



1— Backward: x=1.5 h=1 X. =3

X=X .
o =

0521.5—3:_1.5
1

At xX=3
f(xX)=8, Af(x)=5 and A f(x)=2
f(1.5 =1+«

f(L5) = [+ Aa + A2 2 & +1)] f ()

~15(-15+1),

f(1.5) =[8+5*(~1.5) + 2* 5

=8+ 7.5+0.75=1.25



3— Lagrange Interpolaton

Consider (X,,Y,), (X, V1) (X5, ¥, ) eeennes (X, Y.)
Lagrange Interpolaton Polynomial is:
k=n
f)=Ln(x)=3 - L)

0 £, (X k)

lo=(X=X)(X=X,)(X=X;).......
l,=(X=X,)(X=X,)(X=X;).......

Ca=(X=X)(X=X)(X=X,) (X=X, ).......



1 (x)
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) = X)X x3)

(Xo_xl)( —
. X, — X, ) (X, = X,)... Yot
? o) (X=X, ) (X=X
1 — X ) (X — X5 ) (X N
o (% = X,)..... e
O)(X—Xl)(X—X ) "
—* Y+

(Xz —XO)(X2 _Xl)(x — X )

(X=X,)
= f(X)=Yy, ;(X=%X)=>f
1 (X):yl



Or :
y = f(X) _ (X_X1)(X_X2)(X_X3)----(X_Xn)
(Xo - X1)(Xo - Xz)(xo - XB)""(XO - Xn)
(X=X, )(X=X,)(X=X3)...(X=X)
(X1 - Xo)(Xl - XZ)(Xl - X3)----(X1 - Xn)
(X—XO)(X—Xl)(X—X3)....(X—Xn)
(Xz - Xo)(XZ o Xl)(XZ - X3)....(X2 - Xn)
I (X—XO)(X—Xl)(X—Xz)....(X—Xn_l)
(Xn - Xo)(xn - Xl)(xn - X3)----(Xn - Xn—l)

*
Yo T

/s

Y, 4 ...

=Y,



Example: Given
x.: 0 2 3 5
y:1 7 13 31
Required: f(x) at x=4



y = f(4):(4_2)(4_3)(4_5)*1-|— (4_0)(4_3)(4_5)*7
(0-2)(0-3)(0-95) (2-0)(2-3)(2-5)
n (4_0)(4_2)(4_5) *13 4+ (4_0)(4_2)(4_3) *31
(3-0)3-2)(3-5) (5-0)(5-2)(5-3)
2RINED) L, AR o 4%25(ED), , 4%2%
T _2%(3)(=5) | 2%(—1)(=3)  3*1*(2)  5*3*)
—2 —4 -8 8

= x|y *74 —*134+ —*31=21
—-30 6 -6 30

*31




Example: Given
x.:1 2 3 5

y.: 0 3 38 14
Required: f(x) at x=4



y = f(4)= (4_2)(4_3)(4_5)*O_I_ (4_1)(4_3)(4_5)*3
(1-2)A-3)d-5) (2-1)(2-3)(2-5)
L 4-D@-2@-5) . (-D(E-2(4-3),,
(3-1)(3-2)(3-5) (5-1)(5-2)(5-3)
(D) ., 3R2%(D), 3727

~0+ xg 4 %94
1% (- 1)(—3) ToRR(L2)  4%3%2

:_—3*3+_—6*8+£*24:15
3 -4 24



Curve Fitting

The method of Least squares
Consider a sampleof (X,,V,),(X,,¥,),(Xs, Ya).-.(X,, ¥,)
of size (n).It isrwquiredto draw abestline passing
the points above such that the sum of the square
errors measured in (y —direction) is minimum.
We shall study the best straightline throughthe given
points.
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Supposethat the best lineis:
y =a+ bx
e =(errorat x=x)=Yy.—(@+bx)=y. -y

Zei = Z[Yi —(a+bx;)]
> (@) = 21y - @+bo)F

i(ei)2 =3

5. S = Zn:[yi —(a+bx )]



S = Iy, ~ (a-+bx)P

= 2y {y ~(a+b)ND =0
da i1

DIy, - (@+bx)] =0

iYi _i(a"‘bxi):()
Zy, Z(a+bx)

Z Za+2bx _aZ:lerZxi

Zn: y. =an+ bz 1)
=1 =1



i

n
S= ) [yi— (a+bx)]?
=1
n

lyi — (a+ bx;)]x; =

M=EM= @I

n
Vi Xj — (a+bx;))x; =0
=1

o~
Il
p_\

[

z Vi Xi _z(a + bx;) x;

TL

n n
Zylxl zaxi+szi2
n

= =1 =1

Zylxl—a xl+b2xi2
i—1

=1 =1

[N

M:

Z{yl ~ (a+ b)) (%) = 0



1=1 =1

n n
.-.zyixizaz:xi+b2xi2 ............ (2)
n zxi 23’1

5|8

n n
Z Xi z xiz z YiXi

=1 i=1 - =1




Example: Required the best straightline passing
the points:
x:0 1 3 4

y:1 3 7 10



YiXi

Yi

Solution:

21

16
26

40

10
21

o4



4 8 a| |21

8 26| b| |64
da+8b =21
8a+26b=64

Solvethe above Egs. getting a=0.85& b=2.2
y =a+ bx

. y=0.85+2.2x




Example: Fit the data shown below with a best line
passing through the origin: [y = bx].
X . 1 2 3 5

y: 2 5 [ 9



Solution:

A Yi Yi%; A
1 2 2 1
2 5 10 4
3 7 21 9
5 9 45 25
23 78 39

> 1



S = Zn:[yi _bxi]2

0S
%:g[m _bxi] (_2Xi)




Example: Find the best curve (y = ae™) passing
throughthe points:
.. 0 1 3 6

y.: 2 3 9 40



Solution: By taking Log. of both sides:

In y=In ae™ =In a+Ine

4x

Y =A+bx such that(Y =lny & A=1In a)

X Yi Y, =Iny, XY, X;
0 2 0.693 0 0
1 3 1.0986 1.0986 1
3 9 2.197 6.591 9
0 40 3.689 22.134 36
> 10 7.677 29.8236 46



noo % LA | DY,
b .

2% 2K

4 10].[a] 7.677

x* —

110 46| |b| |29.8236]

Solvethe above Egs. getting A=0.6536=In a=a=1.9225
& b=0.5064

-,y =1.9225¢" %%



In the case of Quadratic Parabola:
y=a, +aX+a,x’

€ =Y _(ao +a X +a2Xi2)
Zn:(ei)z =S = Zn:[yi - (ao +a X + azxiz)]2
i=1 i=1

0

—S=O:>Zn:yi=nao+aizn:xi+azzn:xi2 .......... (1)
oa, i=1 i=1 i—1

D 0= Zn:xi Y, = aozn:xi + alzn:xf + azzn:xf....(Z)
0q, i1 = i1 i=1

S _ 0= Zn:xfyi = aozn:xf + aizn:xf + azzn:xf....(?:)
@az i=1 i=1 i=1 i—1



In general:

Y =8, +aX+aX + o

— =0 e D)



